Abstract. Recently, the authors obtained the Schur multiplier, the tensor square and the non-abelian exterior square of d-generator generalized Heisenberg Lie algebras of rank 
Motivation and Preliminary results
The Schur multiplier of a group G comes from the work of Schur in 1904. It is well-known that for a group G with a free representation F/R, we have
There are many papers devoted to obtain the structure of the Schur multiplier, when the structure of groups is in hand. For instance, the Schur multiplier of abelian groups, extra-special p-groups, generalized extra-special p-groups are obtained in [5, 6] . Recently in [15] , Rai succeed to obtain the Schur multiplier of special p-groups minimality generated by d ≥ 3 elements and the derived subgroup of order p . Since many authors tried to generalize the results on finite p-groups to the theory of Lie algebras, the results of [2, 7, 13] showed the Schur multiplier of a Lie algebra L is obtained when L is abelian, Heisenberg and a d-generator generalized Heisenberg Lie algebra with the derived subalgebra of 
given by x⊗y ⊗z → ([x, y]+L 3 ⊗z +L 2 )+([z, x]+L 3 ⊗y +L 2 )+([y, z]+L 3 ⊗x+L 2 ) is a homomorphism. Moreover, if any two elements of the set {x, y, z} are linearly dependent, then Ψ 2 (x ⊗ y ⊗ z) is identity.
We begin with the following result for a Lie algebra. It is similar to the result of Blackburn for the group theory case (see [3] ). Let L ∼ = F/R, for a free Lie algebra F. Then Lemma 1.2. [14, Theorem 2.1] For a given finite dimensional nilpotent Lie algebra L of class two, the sequence
is exact, in where β :
Let L be a finite dimensional nilpotent Lie algebra of class two such that
With the above notations and assumptions, we have
Proof. By using Lemma 1.2, we have
Since L is a finite dimensional nilpotent Lie algebra of class two, L has defining relations To contrust L * , suppose for all 1 ≤ i ≤ m and 1 
2 is generated by all elements a si and r d=1 α dij y d + e ij for all i, j = 1, . . . , m and s = 1, . . . , r. We
The proof is completed.
main results
This section is devoted to obtain the Schur multiplier, the tensor square and the non-abelian exterior square of all d-generator generalized Heisenberg Lie algebras of rank 
, where β nq is scalar for some 1
, where β nq is scalar and
, where β nq , β n1q1 and β n2q2 are scalars for 
is non-trivial. By a similar way used in the part (i), we have dim ImΨ
Therefore dim M(L) = 
Hence dim M(L) = Theorem 2.4. Let L be a d-generator generalized Heisenberg Lie algebra of rank 
Proof. The result follwos from [13, Proposition 1.6] and Theorem 2.4.
By a similar way used in the proof of Theorem 2.3, we can see that if dim
The converse holds by Theorem 2.3.
Recall that a pair of Lie algebras (K, M ) is said to be a defining pair for
is a defining pair for L, then a K of maximal dimension is called a cover for L. Moreover, from [1] and [7] in this case M ∼ = M(L). From [7] , all covers of a finite-dimensional Lie algebra L are isomorphic.
, by using [7, Lemma 14] . Therefore
which is a contradiction since (L * ) 3 ⊆ B. Thus the assumption is false and the result follows. The converse is clear.
(ii) Let L * be the cover Lie algebra of L. Then there exists an ideal B of L *
By a similar way used in the proof of part (i), we can obtain that L * is nilpotent of class 3 and so
, by [7, Lemma 14] . Therefore
Thus the assumption is false and the result follows. The converse is clear.
(iii) Similarly, we can see that the result holds for every d-generator generalized Heisenberg Lie algebra of rank
are used to denote the exterior square, the tensor square and the kernel of commutator map κ : L ⊗ L → L 2 of a Lie algebra L, respectively. The authors assume that the reader is familiar with these concepts. The following result gives the non-abelian tensor square, the exterior square and the Schur multiplier of a d-generator generalized Heisenberg Lie algebra of rank (ii) if m = (ii) and (iii). By a similar way involved in the proof of the part (i), we can obtain the result. 
